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The Limit of Wave Propagation 
on the Free Surface of a 
Viscous Fluid 
1 I n t r o d u c t i o n  
The exact solution to the linear problem of small amplitude 
waves on a viscous fluid was considered long ago by Basset 
(1888). The algebraic expression whose roots are the complex 
wave speeds is too complicated to evaluate analytically. By 
considering only high Reynolds number waves, Bassett was 
able to solve for an approximate dispersion relation. The ap- 
proximate result shows that the waves at high Reynolds number 
propagate with the same wavespeed as the irrotational waves, 
but have a decay rate which depends on the Reynolds number 
and wave number. Further work on analytic expressions for 
very large and very small Reynolds numbers is reviewed in 
Wehausen and Laitone (1960), including some results with a 
finite bottom. 
T h e  roots of the characteristic equation are evaluated below 
numerically for arbitrary Reynolds numbers. Waves which 
propagate both upstream and downstream are found for large 
Reynolds numbers and small wave numbers, similar to the well- 
known dispersion relation for linear surface waves. However, 
above a critical wave number for a fixed Reynolds number, the 
upstream and downstream propagating solutions merge into one 
solution. There are no propagating solutions to the system for 
wave numbers above this critical value of wave number. Simi- 
larly, for a fixed wave number there is a Reynolds number 
below which there are no propagating solutions. 
Beyond the critical values, the waves decay without propagat- 
ing. There are two solutions for the decay rate in this region 
for a given value of wave number and Reynolds number. Similar 
behavior has been previously found in two-layer flow, Chand- 
rasekhar (1955), and surface waves with infinite depth, We- 
hausen and Laitone (1960). 
A third solution exists for certain wave numbers at small 
values of Reynolds number. The third solution is a decaying 
nonpropagating wave, and is an isolated solution which exists 
only for one or two wave numbers, depending on the Reynolds 
number. 
2 G o v e r n i n g  E q u a t i o n s  The flow is assumed to be in- 
compressible and two dimensional. The governing equations 
are the Navier-Stokes equations. Small amplitude waves on the 
surface of a viscous fluid are considered, hence the Navier- 
Stokes equations are linearized to get the Stokes equations: 
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where u~ are the velocity components, p is the dynamic pressure, 
Re is the Reynolds number, 
R e  = __@3 , (2) 
/y 
d is the depth of the layer, u is the kinematic viscosity, and g 
is the gravitational constant. The continuity equation is 
Ouj = 0 .  ( 3 )  
Oxj 
Employing the streamfunction reduces Eqs. ( 1 ) and (3) to 
0 (V2~b)  = 1 
05 G v41//'  (4) 
The solution to (4) is assumed to have the form 
= ~ ( y ) e  i(kX-~'). (5) 
Substituting (5) into (4) results in 
q~ . . . . .  2k2~b " + k4~b = iw Re(k2~b - 0"), (6) 
which is the familiar Orr-Sommerfeld equation with zero mean- 
flow. A detailed derivation can be found in Yih (1977). The 
upper boundary is a free surface for which the linearized bound- 
ary conditions are 
2 0 v  0277 
p - ~7 - Re  Oy + S-~xZ = 0, (7) 
Ou Ov 
- -  + - -  = 0 ,  ( 8 )  
Oy Ox 
&7 
- -  - v = O, ( 9 )  
Ot 
where ~ is the elevation of the free surface above its mean 
value, S is the inverse of the Weber number, 
T 
S - (10) 
pgd 2 ' 
and T denotes the surface tension. Equation (7) is the zero 
normal stress condition, (8) is the zero shear stress condition, 
and (9) is the kinematic condition. 
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Fig. 2 Damping rate versus wave number for Re = 6.0 and 10.0 
The lower boundary is a solid wall with the conditions 
u = v = 0 (11) 
on y = -1 .  
The pressure is eliminated from (7) using the streamwise 
component of (1) and r/ is eliminated using (9). Then the 
boundary conditions are reduced as before to obtain 
--iw - -  (qb" - 3k%b') + wzqb ' - kZ(1 + Sk2)49 = 0, (12) 
Re 
qb" + kZqb = 0, (13) 
~b' = q$ = 0, (14) 
where (12) and (13) hold on y = 0, and (14) holds on 
y = - l .  
The solution to (6 ) i s  ~b = Ce my. Equation (6) becomes 
1 
(icv)(k2 - ma) - Ree (k4  -- 2k2m2 + m4)  = 0, (15) 
which has the four distinct roots 
m = +k, ± ~/k z - iaJ Re. (16) 
Since the roots to the characteristic equation are distinct, the 
general solution to Eq. (6) is 
~b(y) = C~ cosh (ky) + C2 sinh (ky) 
+ C3 cosh (my) + C4 sinh (my). (17) 
Applying the boundary conditions gives four linearly indepen- 
dent expressions for the constants C~ through C4. In matrix 
form this is 
-k2(1 + Sk 2) A1 -k2(1 + Sk 2) 
2k 2 0 (k 2 + m 2) 
m 
- tanh  (k) 1 - - -  A3 
k 
1 - tanh  ( k )  A4 
where A1, Az, A3, and A4 are defined by 
k( 3k2w ) iwk3 
Al = \ Re aJ2 Re 
m( 3kEw ) iwm3 
A2 = \ Re c°2 Re 
a:l 
m C2 
"~- A 4 ]  C3 
-A3 J C4 
= ( 1 8 )  
sinh (rn) 
m3 - - -  




The determinant of the matrix in (18) is set to zero to determine 
the complex wavespeed. 
3 Resul ts  
Basset (1888) obtained (18), but was unable to evaluate it 
exactly. Bassett discarded some terms in the determinant and 
found the following approximation: 
2k 
c = ± ~/ ( k )  i R e '  (19) 
i 
which is accurate only for high Reynolds numbers and moderate 
wave numbers. The real part of (19) is the wave speed, and is 
identical to the speed of a wave traveling on an inviscid fluid 
with infinite depth (Lamb, 1932). The imaginary part of (19) 
is negative, indicating that the waves always decay with time. 
The complex wavespeed, c, has been determined in this paper 
for the complete determinant in (18) using a numerical tech- 
nique for finding the roots of an analytic expression (Delves 
and Lyness, 1967). The root-finding method first calculates the 
number of zeros of a given analytic complex function inside a 
closed contour using 
1 f f ' ( z )  dz, (20) 
So = 27r---~ Jc f (z)  
where so is the number of roots inside the contour and f ( z )  is 
the given function, which in this case is the determinant in 
(18). The integral in (20) is performed numerically using the 
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Fig. 6 Damping rate versus wave number for S = 0, 0.01, and 0.05 
the domain is segmented until each subregion contains a small 
number of roots. The location of the roots are then found using 
I ycZNf'(z) ~ZT. (21) SN : 27r'--~ - ~ - d z  : i=1 
The integral in (21) is evaluated numerically for N = 1, 2 . . . . .  
So, which gives a low-order polynomial with the same zeros as 
the original function. The roots of the polynomial are easily 
found using Lehmer's method (Lehmer, 1961 ). A final iteration 
using Newton's method is used to improve the accuracy of the 
method. The details are given in Delves and Lyness (1967). 
The results for wave speed, Cr, from the numerical evaluation 
of the determinant in (18) are given in Fig. 1 for several Reyn- 
olds numbers. Also shown in Fig. 1 is the dispersion relation 
for an inviscid flow. Figure 1 shows that the viscous case has 
an upstream and downstream propagating wave, analogous to 
the inviscid case, but only for small wave number. For large 
wave numbers, which are short waves, the wavespeed for the 
upstream and downstream propagating waves merge at the zero 
value. Waves beyond this critical value do not propagate, but 
merely decay. Waves with wave numbers less than the critical 
value propagate and decay. 
The damping rate, ci, is shown in Fig. 2 for the waves which 
correspond to Fig. 1. Figure 2 shows that all the values of cl 
are negative, which indicates a stable flow, as expected. Also 
evident in Fig. 2 is the critical value of wavenumber, above 
which there is no propagation. It is seen in Fig. 2 that there are 
still two solutions beyond the critical wave number, both of 
which are nonpropagating decaying waves. 
Figures 3 and 4 show the real and imaginary part of the 
wavespeed versus Reynolds number for several wave numbers. 
It is seen that there is also a critical Reynolds number where the 
upstream and downstream propagating waves merge. Reynolds 
numbers below the critical value do not propagate, but merely 
decay. As the Reynolds number approaches zero, one damping 
rate approaches zero while the other appears to approach nega- 
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Fig, 5 Wave speed versus wave number for S = 0, 0,01, and 0,05 
tive infinity. Thus one long wave solution decays very slowly, 
while the other decays very rapidly. The results for high Reyn- 
olds number agree quite accurately with the approximate form 
of Bassett (1888). 
The critical point between propagating and nonpropagating 
waves has been noted before for the infinite depth case, We- 
hausen and Laitone (1960). The finite depth case is also dis- 
cussed, but no results are given since an analytical result was too 
difficult to obtain. Similar results are also presented in Chand- 
rasekhar (1955) for waves on the interface of two infinite vis- 
cous layers. 
The infinite depth case discussed in Wehausen and Laitone 
(1961 ) produces a relatively simple fourth-order characteristic 
equation for the complex wavespeed, which may then be solved 
exactly. The characteristic equation for the finite depth case 
would be found by expanding the determinant in (18). The 
wavespeed would appear to a high power in this equation, indi- 
cating that there may be many solutions for the wavespeed. 
However, wavespeed also appears in the argument of the hyper- 
bolic tangent function. Since the hyperbolic tangent function is 
not a polynomial, then there is not necessarily many roots to 
the characteristic equation. In the numerical work, only three 
roots have been found for any set of parameters. Two of these 
roots correspond to the upstream and downstream propagating 
waves, and the third root is the isolated root discussed in the 
next section. 
The effect of surface tension is shown in Figs. 5 and 6, which 
give the real and imaginary values of the wavespeed versus wave 
number for several surface tensions. Figure 5 shows that increas- 
ing surface tension from zero has little effect for long waves, but 
does have a significant effect for shorter waves. The dispersion 
curve in Fig. 5 is very similar to the zero surface tension limit, 
except the nonzero surface tension case shows that the critical 
value of wave number has moved to a larger value. 
4 A Nonosciilatory Damped Solution 
The determinant in (18) has two roots which provide a valid 
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set of parameters, k, Re, and S. The two roots are the upstream 
and downstream propagating waves. There is one other root of 
(18), namely, choosing w Re = - i k  2 makes the determinant 
in (18) zero regardless of the values of k, Re, and S. When 
w Re = - i k  2, (16) requires m = 0 and hence the last column 
in (18) becomes zero. However, this other root is not generally 
a legitimate solution of the differential system. When m is zero, 
two of the expressions in (17) are the same and the solution is 
incomplete. 
An alternate solution must be found by setting ~ Re = - i k  2 
in (6) to get 
q~"" -- k2q~ " = O. 
The solution to (22) is 
~(y) = Clcosh(ky)  + C z s i n h ( k y )  + C3y + C4. (23) 
Applying the boundary conditions as before gives 
As - k  3 -2k  2 A5 
2 0 0 1 
cosh (k) - s inh  (k) - 1  1 
- k  sinh (k) k cosh (k) 1 0 





A5 = Re2(1 + Sk2). 
Setting the determinant of the matrix in (24) to zero and rear- 
ranging gives 
Re 2 = ( 4 -  5 c o s h k +  k s i n h k ) k  3 
(26) 
(sinh k - k cosh k) (Sk  2 + 1) 
Equation (26) gives the value of the Reynolds number for a 
given wave number where the solution exists, as shown in Fig. 
7. Therefore, the solutions given by (23) are isolated solutions 
which exist for only one or two wave numbers for a given 
Reynolds number. These solutions are free surface disturbances 
which do not oscillate or propagate, but merely decay. The 
solution (23) is clearly distinct from the solutions of discussed 
in the previous section. 
The waves given by the solution (23) have zero real part, 
and hence have no oscillation. There are no solutions which 
(22) have the damping ratio w = - i k 2 / R e  and propagate at the 
same time. However, in direct simulations of the Navier-Stokes 
system with a free surface, standing waves have been found 
which oscillate and decay with a damping rate remarkably close 
to cJ = - i k Z / R e  (Bedford et al., 1994). The standing waves in 
the direct simulation appear to be spurious, although the solu- 
tions given by (23) are true solutions. 
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